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As to an abelian field k, the concept “Stickelberger ideal” introduced by 
Iwasawa [4] and Sinnott [9] comes not only from the classical theorem of 
Stickelberger but also from the analytic class number formula for k, 
corresponding to “the circular units” of k. Indeed the Stickelberger ideal S 
of k is closely related with the relative class number h- of k (cf. [4, 5, 8,9, 
and lo]). 
We shall show at first that “the index of 5”’ [A: S] gives multiplicatively 
an asymptotic representation of h- as k ranges over infinitely many 
imaginary abelian fields (for the notation A, see [9] or the following sec- 
tion). 
THEOREM 1. Let d be the absolute value of the discriminant of k. Then 
the asymptotic relation 
log[A: S-J-logh- 
holds, ij” k ranges over a sequence of imaginary abelian fields for which 
d + co (both sides are asymptotically represented also by log m with d+ 
denoting the discriminant of the maximal real subfield of k; 
log[A: S] -log J&F, 
cJ: Lemma 3). 
This is shown by applying the Brauer-Siegel theorem to the algebraic 
interpretation of analytic class number formulas for abelian fields due to 
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Iwasawa and Sinnott, where some results by Uchida [11] on the 
Brauer-Siegel theorem are available. Along the same lines as Theorem 1 is 
verified, we have 
log([A: S][E: C])-log h (d+ a) 
for imaginary abelian fields k. Here, E denotes the unit group of k, C the 
circular units of k, and h the class number of k (see Theorem 2). 
Moreover, denoting by !lQyc “the cyclotomic regulator” of k (i.e., the 
regulator in k of the circular units C of k), we have 
log(CA: Sl ‘Kyc)-lw $ Cd-, a), 
whether the k’s are imaginary or not. In particular, if the k’s are real and 
d+ co, 
log Qc - log fi 
(see Theorem 3). 
The following notations will be used throughout the paper. The symbols 
E, Q, R, and @ denote, respectively, the ring of rational integers, the field of 
rational numbers, the field of real numbers, and the field of complex num- 
bers. For each finite Galois extension F over Q, we denote by Gal(F/Q) the 
Galois group of F over Q as usual. 
Now, let L and M be any finite Galois extensions over Q with M G L, 
then the restriction map 
res LIM. . Gal(L/Q) -+ Gal(M/Q) 
induces a Q-algebra homomorphism Q[Gal(L/Q)] --f Q[Gal(M/Q)] and 
this will be denoted again by res,,,, where, for any finite group H, Q[H] 
denotes the group ring of H over Q. There also exists a Q-linear 
homomorphism 
cortiM: Q[Gal(M/Q)] -+ Q[Gal(L/Q)] 
which maps each c in Gal(M/Q) to the sum of ail c’ in Gal(L/Q) such that 
resLIM(cr’) = 8. In addition, the norm map relative to the extension L/M 
will be denoted by N,,. 
The notation [X Y] means the index of a subgroup Y of a group X, or 
the degree of an algebraic extension X of a field Y. 
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1 
A finite abelian extention of Q contained in C will be called an abelian 
field. Let k be an abelian field, G the Galois group of k over Q (i.e., 
G = Gal(k/Q)), and R = Z[G] the group ring of G over E. Let j denote the 
restriction on k of the complex conjugation of @, so that j is an element of 
G with j* = 1. By definition, j # 1 if and only if k is an imaginary abelian 
field, namely an abelian field not contained in R. We denote by A the ideal 
of R consisting of all a E R such that 
(l+j)a=a 1 u 
OEG 
for some a E Z. 
For each natural number rz, we put C,, = ezniln, and let K, denote the 
cyclotomic number field of nth roots of unity: 
For any TE IR, let (I) = r- [r], where [r] denotes the largest rational 
integer sr, and for any rational integer t prime to n, let crI denote the 
automorphism of K, which maps [,, to [A. Then, for any a E Z, we define an 
element O,(a) in Q[Gal(K,/Q)] by 
We let k, = k n K,, and &,(a) = cork,,+ resK,,,Jf3,(a)); so that 19;(u) lies in 
QCGI. 
Let S’ be the additive group generated in Q[G] by the elements &(a) 
for all natural numbers n and all a E H. Then the Stickelberger ideal S of k 
in the sense of Sinnott [9] is defined by 
S=S’nR. 
This is an ideal of A as well as of R, and has finite index in A. By the index 
of the Stickelberger ideal S, we shall mean the group index [A: S]. 
When k is real, i.e., k s R, we have, by definition, 
h-=1 
and 
A=S= a c 0 
OEG 
INDEX OF THE STICKELBERGER IDEAL 241 
It is also known that if the conductor of k is a prime power or the group G 
is cyclic, the index of S equals the relative class number h- of k (cf. [9]). 
On the other hand, for any given natural number n, there exist infinitely 
many imaginary abelian fields k satisfying 
[A: S]=;h- 
(cf. 161). 
Now, let d denote the absolute value of the discriminant of k. Our main 
purpose in this paper is to prove the next result mentioned at the begin- 
ning. 
THEOREM 1. If k ranges over any sequence of imaginary abelian fields for 
which d -+ co, then 
log[A: S]-log h-, i.e., lom:~l+l 
logh- ’ 
Remark 1. It is known that 
under the assumption of Theorem 1 (cf. [ 111). Hence, Theorem 2.1 in [9] 
implies 
[A: S] --t co (d-t ~0) 
at least. Further, by the Hermite-Minkowski theorem, we can restate 
Theorem 1 as follows: For any positive number E, the inequality 
lom:Sl-I <E 
log h- 
holds for almost all imaginary abelian fields k. 
Before starting the proof of Theorem 1, we prepare some notations and 
show some lemmas. 
For each rational prime p, we denote by T(p) the inertia group of p in 
G, and put 
where the sum is taken over the Frobenius automorphisms ;1 of p in G. Let 
p,,...,pg be the rational primes ramifying in k, and Ci the product of them: 
m = fi pi. 
i= 1 
641:20:2-IO 
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For each natural number n dividing rii, let Z(n) denote the compositum in 
G of the inertia groups T(p) as p varies through the rational primes 
dividing n, with T( 1) = { 1 }, and let s, denote the sum in R of the elements 
of T(n). Considering Q[G] as an R-module in the obvious manner, we 
define U, to be the R-module generated in Q[G] by the elements 
s, n (l--o ) P’ 
PI”/8 
where the product is taken over the rational primes p dividing n/t, and t 
varies over the natural numbers dividing n. The R-module U, is known to 
become a lattice in Q[G] (cf. [9]). 
In general, let X and Y be any lattices in a finite dimensional vector 
space V over Q. Then we can take a Q-linear automorphism @ of V such 
that @(X) = Y. The absolute value of the determinant of @ does not 
depend on the choice of @, which we shall denote by (X: Y). For basic 
properties of this general index ( : ), see [8 and 91. 
Let a be any idempotent of Q[G]. Then, for any natural number n 
dividing ti and any rational prime p dividing Sfn, both aU, and aU,, are 
lattices in the Q-algebra aQ[G]. The formulas (5.2) and (5.3) in [9] show 
that (au,) T(p) is a subgroup of (aU,)T(p) with finite index equal to the 
general index (aU, : au,). Here, for each subgroup H of G and each 
additive subgroup X of Q[G], XH denotes the additive subgroup of Q[G] 
consisting of all elements in X fixed by H: 
XH= {xEXIox=xfor all GE H}. 
Furthermore, putting rr + i = ripi for each i= l,..., g, with ri = 1, we obtain, 
as in the proof of Proposition 5.1 in [9], 
(aR: au) = fi [(aUr,)f(f’>): (aU,,+,)r(Pf)], 
i= I 
(1) 
where U = U,. 
LEMMA 1. For any idempotent a of Q[G], we have the inequality 
(aR: au) < egCkiQ7. 
Here, g is the number of distinct rational primes ramifving in k. 
Proof. In the formula (1 ), we let 
ci= [(aU,)T(Pf): (cIU,~+,)~(~~)] 
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for each i= 1 ,..., g. We first prove that 
Ci( ( T(p,)( CGTT(P,)‘. (2) 
Let U,( T(p,)) be the R-module generated in Q[G] by the elements 
SIP, l-I, (1 - 54) 
as t varies over the natural numbers dividing ri, and q over the rational 
primes dividing r-,/t. Then the formula (5.3) in [9] asserts that 
(au,+,)T’p”=aU,,(T(p,))+ (a(1-crp,) upt 
Moreover, by the definitions of sP, and U,(T(P~)), we have 
IT(Pi)l(aU,)T’P”casp,U,~aU~~(T(pi)) 
so that 
1 T(pi)l(aUli)T(pi) G (aU,,+I)T(p’). 
This and the inclusion 
(aU,,+y-(Pk (aUJT(P” 
imply the divisibility relation (2), since we can deduce, from [k: Q] a E R, 
that (c~U,,)~@l) is an additive subgroup of a free Z-module [k: CD] -lU,,T(Pi) 
of rank [G: T(p,)]. 
Next we rewrite (1) as 
(aR: aU) = fi ci. 
i=l 
Then we conclude from (2) that 
(aR: aU)s fi IT(pi)lCG:T@~)‘= 
i=l 
[k:Q] 
On the other hand, we see that the function 
f(x) = xllx 
defined on the real numbers x > 0 attains the maximum at x = e. Hence we 
have 
(aR: au) SJ(e)gCkxQ1 < egCkiQ]. 
Thus Lemma 1 is proved. 
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bMMA 2. If k ranges over injinitelv many abelian Jiefds, i.e., ranges over 
a sequence of abelian fields with d + 00, then 
gCk: ‘Ql~ o 
log’ 
Proox Let k* be the genus field of k in the sense of Leopoldt [7], and 
d* the absolute value of the discriminant of k*. Since k* is unramified over 
k (in the narrow sense), we have 
d* = d[k’:kl (3) 
Furthermore, for each i= 1 ,..., g, there exists the maximal subfield k, of k* 
whose conductor is a power of pi. The field k* is then the compositum of 
k, ,..., k,. Therefore we have 
d* = fi d,?-,I, 
i= 1 
where d, denotes the absolute value of the discriminant of kj for each 
i=l ,..., g. Combining this with (3), we obtain 
(4) 
Let py 1) [ki: Q] and mi = [ki: Q],/p: for each i = I,..., g. If pi is odd, k, 
becomes a cyclic extension over Q with conductor py+ I, and the conduc- 







Hence it follows that 
(ei + 1 )[ki: Q] 
2 
logpislogdj< (e,+ l)[k;: Cl] logpi. (6) 
Even if pi = 2, inequalities (6) are also shown by Hasse’s conductor-dis- 
criminant formula. In fact, ki is then either a cyclic extension of Q with 
conductor 2’1+ 1 or the cyclotomic number field of 2*+‘th roots of unity. 
Now, according to (4) and the first inequality of (6), we see that 
g e,+l gy& y-- log Pi. 
i 1 
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Thus we obtain 
g dk: Ql, 





Moreover, by means of the evaluation 
210gudlog{(g+l)!}>J~+1 logxdx=(g+ l)log(g+ 1)-g, 
it is derived from (7) that 
gCk: Ql 2 
log d <(l +g-‘)log(g+ l)- 1’ (8) 
On the other hand, noting that mi divides pi - 1, we can see from (4) and 
the second inequality of (6) that 
Let E be any given positive number. Then, by (8), we can take a natural 
number g, such that if gzg,, 
gCk: Ql 
logd- 
In view of (9) the Hermite-Minkowski theorem shows that the inequality 
u 2 ego’& (10) 
holds except for a finite number of abelian fields k. Moreover the 
inequalities (7) and (10) imply that 
if g < g,. Thus we have 
gCk: Ql 
log--’ 
for almost all abelian fields k. This proves Lemma 2. 
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From now on, we shall denote by k’ the maximal real subfield of k (i.e., 
k+ = k n R), and by d+ the discriminant of k+. Note that 
d/d+ --f a3 (d-t 031, 
since d/d+ &‘? (cf. Proof of Lemma 3). 
LEMMA 3. For a sequence of imaginary abelian fields k with d -+ KI, the 
following assertions hold. 
(i) logh--log* (d+m). 
(ii) !gm (log h -/log &) 2 4, dGE (log h -/log Jrd) 5 1. 
ProojI Denote by dp the absolute norm of the relative discriminant of 
k over k+. Then we have d=d-(d+)’ so that 
Let ‘% denote the regulator of k, and ‘% + the regulator of k+. As is well 
known, 
Q$Jjz/GJj+ =2Ck:QJ/2-1 3 
where Q is the unit index of k. Let h denote the class number of k, and h + 
the class number of k+, then, by definition, 
h/h+ =h-. 
Consequently, 
log hp log(h%) - log( h + ‘32 + ) 
1ogm= log & - log fl 
([k: a]/2 - 1) log 2 -log Q - 
log&z . 
(11) 
Here we find 
log( h%) - log(h + !R + ) 
log Jd - log fl 
-log(W I log(h%) lo&h +% + ) -- 
log $ log ,b log @- 
log& -1 
log Jz > 
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Let E be any positive number. By means of Proposition 1 in [Ill (or 
Lemma 2) and the Brauer-Siegel theorem (i.e., Theorem 4 of Brauer Cl]), 
there exists a positive number 82 1 such that if d+ > 6 (hence d> 6), 
wh+v- * <E 
log $F 3 
and 
We then obtain 
(13) 
hwww¶(h+~+)~l <E 
log J’i - log fl 
from (12) and 
For almost all k with d+ 5 6, (13) also holds by the Brauer-Siegel theorem, 
since log(h+%+) takes, at most, a finite number of values in case d+ is 
bounded. Therefore we have 
log(h%) - log(h + ‘$I + ) --) 1 
log Jd - log fl 
(d+a) (14) 
for our sequence of imaginary abelian fields k. 
On the other hand, it is derived from d/d+ &,6 that 
,$k:Q]/2-l)log2 2[k:Q] 
- 
log J&F <logd. 
Additionally, Q is known to equal 1 or 2 (cf. [2]), so we have, by 




After all, (1 1 ), (14), and this prove 
log h- 
log J&F 
-1 Cd+ ~01, 
which is nothing but the assertion (i). 
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The assertion (ii) follows immediately from (i), since 
,,&$d/d’sd. 
Remark 2. For any given r E R with $5 r 5 1, we can construct a 
sequence of imaginary abelian fields k such that d-r co and 
Our Lemma 2 and Lemma 3 are essentially contained in (the proofs of) 
[ 111. Indeed the inequality (8) teaches us that Lemma 2 is a corollary of 
Proposition 1 in [ll], while this Proposition 1 shows that the first 
inequality of (ii) in Lemma 3 is a specific case of Remark 2 in [ 111. 






C =d (e-R: e-U), 
where Q denotes the unit index of k as before. Now, by means of a formula 
in [9] and the previous lemmas, we prove Theorem 1 as follows: 
Proof of Theorem 1. Theorem 2.1 in [9] says that 
[A: S] = c-h-. (15) 
Further, we see, from Remark 2 in [ 111 (or Lemma 3), that 
logh- 2 
log Jd >s’ 
if d becomes sufficiently large. Therefore, by (15) and the Her- 
mite-Minkowski theorem, 
w-4: Sl= 1 ; log c- 
log h- log h- (16) 
and 
(17) 
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hold for almost all imaginary abelian fields k. Since Q = 1 or 2, we obtain, 
from Lemma 1 and the definition of c-, 
&- < @:Ql. 
These inequalities assert that the right side of (17) is less than 
5g[k: Q] 
logd ’ 
which, by Lemma 2, tends to 0 as k ranges over infinitely many imaginary 
abelian fields. It then follows from (16) that 
1ogCA: Sl --t 1e 
log h- 
This was to be proved. 
The content of Theorem 1 seems to support the naturalness of inter- 
preting the relative class number h- as the index of the Stickelberger ideal 
S. Indeed Theorem 1 is stated without using “the supplementary factor” 
C-. We have, however, only proved that the oscillation of c- is smaller 
enough than the growth of h-. It should be emphasized that, for any 
rational prime p, if k varies through the layers of the cyclotomic Z,- 
extension of an abelian field, then c- is eventually constant (see Theorem 
in [9]). 
2 
We next define the circular units of k following Sinnott [9]. Let k x 
denote, as usual, the multiplicative group of all nonzero elements of k and 
E the unit group of k. For each natural number n and each rational integer 
a not divisible by n, the number 
v,(a) = ~K”,k,(l~ - i9 
lies in k x Let D be the multiplicative group generated in k x by - 1 and 
the elements q,(a) for all natural numbers n and all a E Z with nja. The cir- 
cular units C of k are then defined by 
C=EnD. 
This is a subgroup of E with finite index. 
As before, we let h denote the class number of k and h+ the class number 
of k+. Then, by Remark 1, h = h - h + goes to infinity, if k ranges over 
infinitely many imaginary abelian fields [ 111. 
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THEOREM 2. For imaginarJf abelian jields k, we find 
log( [A: S][E: Cl)-log h 
asd-+oo. 
Proof. We define c+ E Q by 
[E: C]=c+h+, 
and the idempotent e+ of Q[G] by 
et - 1 +j. 
2 
Then, according to Theorem 4.1 in [9], we have 
n Ck,,: Ql 
c+ = Q2-x’p’mck. al (e+R: e+U). (18) 
Here, g’ is a nonnegative rational integer gg, and the product in the right 
side is taken over all rational primes p dividing the conductor m of k, with 
p’ denoting, for each such prime p, the largest power of p dividing m. Since 
h=h-h+, it follows from (15) that 
[A: S] [E: C] = ch, (19) 
where c = C-C+. In view of (18) and 
C ~ =i(eCR:e-D), 
we have, by Lemma 1, 
1 
g 1 ZgCk,Ql 2gCk:Q,%< Ck:Ql e 
so that 
llog cl < 3g[k: Q]. 
Moreover, by means of Remark 2 in [ 111 and (19), we have 
(20) 
--_2log>Z log h 
log xd log J-d 5 
(21) 
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and 
log(CA:S1rE:C1)=t+logc 
log h log h (22) 
for almost all imaginary abelian fields k. Combining (20) with (21), we 
obtain, for sufficiently large d, 
log c 
I I ig-< 
lSg[k: O] 
logd . 
Together with this and (22) Lemma 2 leads us to the assertion of 
Theorem 2, as in Proof of Theorem 1. 
By the cyclotomic regulator of k, we mean the regulator of C in k. Let 
(3icYc denote the cyclotomic regulator of k, so that 
where ‘3 denotes again the regulator of k. We conclude the paper with 
some results concerning !RcYc, which are induced also from the 
Brauer-Siegel theorem. 
THEOREM 3. If k ranges over any sequence of abelian fields for which 
d + co, then 
log( [A: S] %&-log &. 
In particular, for real abelian fields k, 
log % w-log ,rd 
asd-tco. 
Proof: As in proof of Theorem 2, define the idempotent e+ of Q[G] by 
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Then the inequality 
(log cl < 3g[k: a] (23) 
still follows from Theorem 4.1 in [9] and Lemma 1. Further, noting that 
we obtain, from (15), 
93 =c+h+%, 
CYC 
log(CA: Sl Kyc) _ 1ogW) t 2 1% c 
log & log ,rd 1% d 
for A > 1. Here, if d goes to infinity, the first term of the right side converges 
to 1 by Proposition 1 in [ 1 l] and the Brauer-Siegel theorem, and the 
second term to 0 by (23) and Lemma 2. 
Thus the former half of Theorem 3 is shown. The latter half is a corollary 
of the former, since A = S if k is real. 
Applying Lemma 2 again to Theorem 3, we get 
COROLLARY 1. For any positive number r, there exist only a finite num- 
ber of real abelian fields k satisfying 
For the cyclotomic regulator of an abelian field k, we use the notation 
SC,,(k) in place of ‘!Qc, if necessary. 
COROLLARY 2. Let I be the subset in R’ consisting of SC,,(k) for all 
abelian fields k. Then I has no accumulation point in R. 
Proof: Take an arbitrary positive number r and put 
I,= (sEZlsSr}. 
It suffices to show that I, is a finite set. Let C+ denote the circular units of 
k+, and W the group of roots of unity in k. Then we have, by definition, 
C2WC’lCi 
so that 
Rye = 2”%y,(k + 1 
for some a E Z with 05~5 [k+: O] - 1. On the other hand, according to 
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Corollary 1, there exist only a finite number of real abelian fields k’ satisfy- 
ing 
2”%c,,(k’) 5 r 
for some a E Z with 05 as [k’: Q] - 1. Hence we conclude that 1, is a finite 
set. 
Remark 3. We can take infinitely many imaginary abelian fields whose 
cyclotomic regulators have the same value. In fact, for any given real 
abelian field ko, there exist a~ H and infinitely many imaginary abelian 
fields k such that 
ADDITIONAL NOTE 
In some papers and books listed in the References of [9], the reader can 
see other definitions of the Stickelberger ideal and the circular units of an 
abelian field, which we have not mentioned in the present paper. 
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